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PDE-System (3D)

ou = A'0,u+ Ayﬁyu +A°0.u (+q + ...

Spaltenmatrix u, quatr. Matrizen A’

0

partielle Differentiationen 0, = 90 0; = 9

ox'

w; = ui(t,r,y,2)

u = u(t,r)

du = AVu (+--)
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Gewohnliche Differentialgleichung (DG)
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Partielle DG (PDE)

Oyu = ad,u

u=u(t,z),a=alt,r,u)

Losung PDE:
setze hier Funktion p = a0, als Funktionsoperator
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Taylor Reihe

u( +h*) = u(z) + h*du(r) + h*20%u(x) + - - -
— (1 + h®0, + %hﬂai 4. )u(x>

allgemein raumlich:

hV
u(r+h) =™~

u(r)
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Losung PDE
t
h' =ta= [a(T)dr
to

u(t,r) = ehxaﬂfu(to, )
= ’LL(to, T + hx)
t
| X
%o X(t)= X, +ta

Figur 1: 1D L6sung
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Partielle DG (PDE), rdumlich

diu = aVu

u=ult,r).a=a(t,r,u)

z.B. 2D karthesisch

O = a®0yu + a0, u
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Losung PDE, raumlich:
setze hier Funktion p = aV als Funktionsoperator
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z.B. 2D karthesisch

t

| (ax(T)E?x + ay(T)E?y) dr
u(t,x,y) = e u(to, z,y)
h*0, + hY0
— e ( y)u(to,az,y)
kommutativ

_ , h'o, (e h’0, u(to,a:,y))

— ¢ 70, u(to, x,y + hY)
e h?0, u(ty, z + h*,y)
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z.B. 2D karthesisch
u(t,z,y) = u(ty,x+ h*,y+ hY)
t
y
J/@\
0 fay\
Yo !
%o x(t)= xq +ta
Figur 2: 2D Lo6sung, karthesisch
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z.B. 2D allgemein
O = aVu
r=ro+(t—1)a
u(t, x',y') = u(ty, 2’ + h‘”’“"/, y' + hy/)

y
y'(t)=y, +a {/
e

7% X

0 X'(t)=Xx{ +ta

Figur 3: 2D Lo6sung, allgemein
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PDE-System
diu = AVu
u=u(tr),A=A(r,u
zB. 2D karthesisch
ou = A"0,u+ AY0,u
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Losung PDE-System:
setze hier Funktion p = AV als Funktionsoperator
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z.B. System 1D
t
[A*(1)0,dr
u(t,z) = e u(ty, x)
— ¢ H'O, u(ty, x)
H' =tA" = [A"(1)dr
to
eH 0z — 797
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Matrixfunktionen

EW-Gleichung
A=A)A=Ag) - (A= Ap) =0

Cayley-Hamilton
(A—XMDA=XI)--- (A=), ) =0

z.B. m= 3
AS = 62A2 + 1A + ¢l
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Ersatzpolynom (fiir einfache EW)
A = AN +A+---+FA LN,
1=1
mit
AA,=A0,
Matrixfunktionen z.B
A = AN
sinA = A;sin)\;
A — Az-e)‘i
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z.B. fiir m= 3
A =[(A = AD/ (A = M)A = M) /(A = Ap)]
z.B. mit Eigenvektoren \{ = —a, Ay =0, A\3 = +a
A= [(A = XD)/(A1 — M) [(A = A1) /(A1 — A3)]
A= [(A=0D)/(—a - 0)][(A —al)/(—a —a)]

Ar = J(A/a)? - J(A/a)

A2 =1-— (A/&)Q

A; = YA/ +(A/a)
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also z.B. fiir m= 3:
u(t, z) = et Aru(ty, z) = (Aleﬂlaw 1+ AgetP20s Aget)‘?’ax)u(to,x)
— (1+ (A/a)y(ettads — c~tads) |

A (10— 24 100 Yuity, )

_ (1 +tAD, + 1A% + O (£) )u(to, z)

ht = ta
u(t, ) = ulty, ) + (A/d)%(u(to, z+ hT) — u(ty, z — hf”)) +
L(A/a) (u(to, =+ W) — 2ulty, =) + ulto, z — hf))

exakt! —svergl. Charakteristikentheorie
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Losung System 1D

ft A*(7)0,dr

to u(ty, x)

u(t,z) = e
e Hxaﬂfu(to,x)

= erh?axu(tow)
hi =tX, Hf = A}

1

u(t,x) = Afu(to,x + h?)
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Losung System 2D

!
f (Ax(T)ﬁx -+ Ay(7)8y> dt
u(t,z,y) = o u(to, z,y)
H*0,. + HY0
6( y) U(t0,$,y>
nicht kommutativ
£ ech?x eHy(?

v u(ty, z,y) M
jedoch in 2. Ordnung genau

(AtA + AtB)

€

<6AtA AtB | AtB 6AtA> +0 ()
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Losung 2.0rdnung System 2D

%eﬂxa@ e H'O, u(to, z,y)+

%eHyay e 00 (ty, z,y)+0O (%)

u(t,xz,y) =

Matrixfunktion —

AY _— 1[ AT AY AYANTL
Aj)=1(A7A]+ AJAT)
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Losung 2.0rdnung System 2D
y
|
A /
hY /
J
A /
4 ox
hi
Figur 4: Losung 2.0rdnung System 2D
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Losung 2.0rdnung System 3D

(AZQA’; +AYAN 4 A;fA?;)

u(t,z) = Ajpulty,z;;)+0 ()
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Losung System 3D
hier: koordinatenfrei

i(t,r) = e 0 ii(to, 1)

hier 1 und A i.a. mit Vektor- und Skalar-Komponenten
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Beispiel: lin. Euler-Gleichungen

1
Oy + (¥V)y = — grad(p) : curlly

~ /o~

<l

O+ (YV)p = —p div(y)

O+ (¥YV)p = —p div(y)

~ ~~

Ot + (YY) = AVi

~ A~

0

~
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Beispiel: lin. Euler-Gleichungen, m = 3
) 0 1/p 0
A=—~yp 0 0
5 0 0
A = —a, Ag=0, A\g—=+a
a’> = yp/p
) a0 0
A= 0a0
0 10
Zur Integration zeitabhingiger PDE-Systeme 20
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tAV _

Beispiel: m = 3

A1€

t\iVo

- +A2€

= I1-(A/a)?’+

DO | —

N | —

(A/a)(e
(A/a)*(e

+RV
+RV

R:=ta

— €

WY
LA

_RY

3

tAsV
€

Zur Integration zeitabhingiger PDE-Systeme
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+RV  —RV
e _

€

(

DN —

)

Beispiel: m = 3

= RV +:R°VA +
RV(1+ ¢R*A +

Laplace Operator

div grad(p) = VVp = Ap

grad div(v) = V(Vv)

~ N A~~~ ~

L
120

120

RIVA” -

LR4A2_|_...)

Av + curl curl(v)

Zur Integration zeitabhingiger PDE-Systeme
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Beispiel: m = 3
Kugelkoordinaten (3,1, ¢):

1 cos U 1
A = O 20, — (9 0
i3 O T r§<ﬁ+sim9 0

52)

siny? ¥

lim A = 307, +

r3—0
A = (0, + 7:0,,)0;, +
lim A* = 50, +

r3—0

lim (14 LR2A + L RAA% ) = 14 IR2? + LRY. + -

rq—0
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Beispiel: m = 3
Integration iiber Kugeloberfliiche O; mit Radius R:

T 27
Ao, = [dog = [ [ RsimdddRdy
O ¥=0 =0
= 47 R?

+RV ~ —RV
[ie "~ —e ~)udoy = fRVu (@) o,
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Beispiel: m = 3

_RY

+RV
e T +e )

5(

= 1+iR°A+ LRIA* + -+
1+ LR?0. + 3 RO, + - -
+3R?207 + 3 RM0O;, + - -
= 1+ 3R%; + 1RO, +---
+RO,, (RO, + R*0), + - - )

[(1+ 3R + 2—141%40;%32 + - )u%doy

O3

+ [ RO,,(RO,, + $R*0;, + - - - )Ju¥dog
O3

J (11 + RO, @) @dog
3

Zur Integration zeitabhingiger PDE-Systeme
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3D Losung lin. Euler-Gleichngen:

Vergleiche Kirchhoftfsche 3D Lésung der Wellengleichung !
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Losung System 2D:

Zylinderkoordinaten (rs, ¢):
3D Lésung mit u(z) = const., d,, = sind,,
ro = Rsind, dry = R cosddv

v

O\l\.’)

R
Ao, = [ day = [ [ rodrody
Ay 0

= mR?

Zur Integration zeitabhingiger PDE-Systeme
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Losung System 2D:

f QS d03

1 2m B B
— [ [0 %) RsinddYRd
47TRQbfbfu sin ©
1 2 R (0s)
__9 (12 drod
47t R? JOfH COSQ9 ey
1 71(@2)
= = a
27TR121£ R2 — 7“% ’
1 a(@2) ;
a
2mR%y, \/1 — (ry/R)? :
1 ;7(@2)
1 da2
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Losung System 2D:

1
47 R?

Rf(? 1(@3)doy =

1 _2mom B
ypeoid [ [ 8,,0'%) Rsin9dv Rdy
n 0 0
1] 2R r9sin 1Y
_9 (@) 2 drod
A R? R@[{aQU cos r2ap
1 (@2
f 7“2(’9_211 dCL2
27TRA2 N/RQ — ’]”%
1 f T267~2ﬁ(Q2) d
a2
21?5, \/1 = (ry/R)?
1 Tgarzﬁ(Cb)
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2D Losung lin. Euler-Gleichngen:

(X + 190,V — ﬁ——grad( ))< 2)

\/1 TQ/R

(1 ra0rp — rapadiv(y) ) @

Vergleiche Poissonsche 2D Losung der Wellengleichung !
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Losung lin. Euler-(Gleichngen:
Signal auf Kugeloberflache Signal in Kreisflache "Nachhall"
Figur 5: 3D Losung Figur 6: 2D Lo6sung
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Losung System 1D:
Koordinate (z):
2D Lésung mit u(y) = const., 0., = cos p0,
T = Ty COS (¥
dx = r9s8in pdyp
Zur Integration zeitabhingiger PDE-Systeme 38
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Losung System 1D:

1 R2r (@) od
27.‘.—_»0[.{ \/RQ——T%TQ pars
1 R +VR?-2? 1(@2)
— [ dxdy

1 R VRZ_2
— [ [arcsm — 2} @y
27TR_R —27] _/R2—22
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Losung System 1D:

1 790, 1(@2) 1

R
— day = — [ 20,19 dx
2%R£,/R2—r2 T 9 {%
1

1R
——fﬁQl
2R g

Zur Integration zeitabhingiger PDE-Systeme
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1D Lo6sung lin. Euler-Gleichngen:

Vergleiche d’Alembertsche 1D Lésung der Wellengleichung !
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Losung 3D kugelsymmetrisch, r3 # 0:
fiir v, (tg,73) =0
+RV  —RV
pt,rs) = 5~ +e T )p(to,r3)
= (14+1RPA + RN + - )p(to, 3)

— (1 F AR, + 20,,) + LRYOL, + 20%) +
= %(p(to, rs + R) +P(t0, rs — R)) +

(p(to, rs+ R) — (750, r3 — R))
= T3+Rp(t(), Trs + R) (to, rs — R)

ot
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Losung 3D kugelsymmetrisch, r3 # 0:
fiir p(tg,r3) =0

+RV  —RV
p(t,ry) = —Le —e  7)v(ty,r3)
= —paR(1 + GR?A + g RIA% + - )(9,y + 2
= —paR(d,, + Z)vi(to,m5) — p—g‘Ri’v(arg + )02 v, (to, 73)

_DAR5(),, + +£)0) v (to, 73) + - -

120
— —ﬁ&(RE?rg + %R?)@?g 1%011:2585 ) )Ur(t()? 743)
_15@3(1 4+ 13282 iR4(94 K )Ur<t07 r3)
—pa;; (R T 1R382 150}%584 - Jur(to, 3)
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p(t,r3) = —ﬁd(R@TS—I—%R?’(?% 150R56’5 - )up(to, r3)
—ﬁaR(l +1R202 + LRYOL + - Yo, (to, 1)

—pa- f (1+ %7"28?3 +- ir‘l@% + - up(to, r3)dr

— —ﬁd(r3+ UT<t0,T3 + R) 2 ] (to,?“g — R))

—paz, f: vr(to, 3 + 7)dr
R
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3D Losung lin. Euler-Gleichngen, kugelsymmetrisch:
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Losung lin. Euler-Gleichngen, kugelsymmetrisch
AW p(t=0), v(t=0)=0

20
60

0]

Figur 7: Anfangswerte p(t=0) Figur 8: Losung p(t=1), AW p(t=0),
v(t=0)=0
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Losung lin. Euler-Gleichngen, kugelsymmetrisch
AW p(t=0), v(t=0)=0

-0 r
-1.000
-1.500

-2.000

Figur 9: p(t=2), AW p(t=0), Figur 10: L6sung p(t=3), AW p(t=0),
v(t=0)=0 v(t=0)=0
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Losung lin. Euler-Gleichngen, kugelsymmetrisch
AW v(t=0), p(t=0)=0

100
&l
&0

20

-W k|

-0

Figur 11: Anfangswerte v(t=0)

Figur 12: Losung p(t=1), AW v(t=0),

p(t=0)=0
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Losung lin. Euler-Gleichngen, kugelsymmetrisch
AW v(t=0), p(t=0)=0

Figur 13: p(t=2), AW
p(t=0)=0

v(t=0), Figur 14: Losung p(t=3), AW v(t=0),
p(t=0)=0
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